This paper reports a computational method for describing the conformational flexibility of very large biomolecular complexes using a reduced number of degrees of freedom. It is called the substructure synthesis method, and the basic concept is to treat the motions of a given structure as a collection of those of an assemblage of substructures. The choice of substructures is arbitrary and sometimes quite natural, such as domains, subunits, or even large segments of biomolecular complexes. To start, a group of low-frequency substructure modes is determined, for instance by normal mode analysis, to represent the motions of the substructure. Next, a desired number of substructures are joined together by a set of constraints to enforce geometric compatibility at the interface of adjacent substructures, and the modes for the assembled structure can then be synthesized from the substructure modes by applying the Rayleigh-Ritz principle. Such a procedure is computationally much more desirable than solving the full eigenvalue problem for the whole assembled structure. Furthermore, to show the applicability to biomolecular complexes, the method is used to study F-actin, a large filamentous molecular complex involved in many cellular functions. The results demonstrate that the method is capable of studying the motions of very large molecular complexes that are otherwise completely beyond the reach of any conventional methods.
C
omplex biomolecular motions take place in a wide range of time and length scales, thus imposing great difficulties for efficient computational studies. However, only the large-scale lowfrequency slow-motional components make dominating contributions to biological functions (1, 2) . Therefore, in practice, it is feasible to reduce the degrees of freedom by filtering out the less important high-frequency motional components and focusing on the dominating low-frequency ones.
An effective way of analyzing the slow degrees of freedom is modal analyses, which belong to the general category of harmonic approximation. The most common ones are normal mode analysis (NMA) (3), quasiharmonic analysis (4), and its related version of essential dynamics (5) . Mathematically, all these modal analyses are eigenvalue problems, and for the types of motions where harmonic approximation is appropriate, the methods provide a complete basis set of vibrational modes, by which any arbitrary molecular motions can be readily expressed as a linear combination. Harmonic modal analyses are particularly useful where elastic (harmonic) properties of molecules are concerned. Several recent developments of modal analyses provide a broadened way of analyzing biomolecular structures. Of particular interest are the C ␣ -based elastic network model (6, 7) , which is capable of delivering reliable low-frequency motional information with a much simpler potential function (8) (9) (10) , and the quantized elastic deformational model (11) , which is capable of simulating biomolecules with only low-resolution electron density maps available (12) . Other examples include the symmetry-based (13, 14) and rotation-translation block methods (15, 16) . However, all these methods are still restricted to systems of intermediate size.
To overcome the size limit of existing methods, we have developed and here report the substructure synthesis method (SSM) for describing vibrational motions of very large biomolecular systems. Some of the essential mathematical foundations were adopted from a set of methods, originally developed in the mechanical engineering field for analyzing the vibrations of large flexible mechanical structures (17) . The basic concept is to regard a given structure as an assemblage of substructures acting together in some ways. The choice of substructures is arbitrary, and sometimes quite natural, such as domains, subunits, or even large segments of biomolecular complexes. To start, the substructure modes, chosen to represent the motions of the substructure, are first determined by solving an eigenvalue problem for each substructure, such as by NMA (3). Next, the substructures are joined together by a set of constraints to enforce geometric compatibility at the interface of adjacent substructures, and modes for the assembled structure can be computed from the substructure modes by applying the RayleighRitz principle (18) . Computationally, this becomes a much more desirable problem than solving the full eigenvalue problem for the assembled structure. As will be shown later, SSM allows the study of motions of very large molecular complexes.
SSM is also applied to simulating segments of actin filaments. Actins are widely involved in cytoskeletal support, cell transport and contractile events in all eukaryotic cells (19) . In nonionic solutions, actins exist in a monomeric form called G-actin with a molecular mass of 41 kDa, whereas in the presence of salt, actin monomers polymerize into a double-stranded helical polymer called F-actin, which is the functional form of actin (20) . The available structural information includes the atomic coordinates of G-actin (Fig. 1a) (21) , the Holmes model of F-actin established from fiber diffraction (22) , and several modifications thereof (23, 24) . In the Holmes model, F-actin filament has the appearance of two right-handed long-pitch helices that twist around each other with a rise of 27.5 Å and a rotation angle of Ϫ166.15°per monomer around the filament axis (Fig. 1b) . The crossover repeat of the double-stranded helix is Ϸ35.75 nm, which strides over 13 monomers (the 13-subunit repeat). The total length of F-actin attains several microns.
Experimental evidence (25) suggested that a substantial portion of dynamic properties of F-actin, such as those modulating operations of molecular motors, resides in the elasticity of the filaments. Therefore, a detailed understanding of the mechanical elastic properties of actin filaments is crucial to elucidating their roles in motile and cytoskeletal systems. Previous computational studies of actin include a conventional NMA of monomeric G-actin (26) , an NMA of a short segment of F-actin filament with a highly simplified representation without any internal flexibility within the actin monomer considered (27), and a few others (28, 29) .
In this paper, we will first outline the mathematical details of SSM. Then we will provide two simple but rigorous examples to illustrate how SSM operates. Finally, SSM will be used to calculate vibrational modes of an F-actin filament of two 13-subunit repeats Abbreviations: NMA, normal mode analysis; SSM, substructure synthesis method. § To whom correspondence should be addressed. E-mail: jpma@bcm.tmc.edu.
in length based on those of individual 13-subunit repeat. The choices of boundary condition and the sources of errors in the procedure of SSM will also be discussed in detail. The results demonstrate that SSM is a useful method that can construct the vibrational modes of very large molecular complexes that would be otherwise beyond the reach of any conventional methods.
Methods
Let us assume that a given structure is composed of a set of substructures. We will first consider a particular substructure s and assume that it acts independently of all other substructures. Let u s (P, t) be the time-dependent displacement vector of any point, P, on the substructure, e.g., that of an atom; the kinetic energy of substructure s in the symbolic form can be written as
where ( ͌ u s , ͌ u s ) is defined as the inner product of ͌ u s with itself, and is the mass distribution. Similarly, the potential energy can be written as where s i (P) (i ϭ 1, 2, . . . , N s ) are admissible vectors from a complete set, such as the eigenvectors of normal modes, and s i (t) are the time-dependent generalized coordinates. Eq. 3 can be written in the matrix form
where ⌽ s is a 3 ϫ N s matrix of admissible vectors, and s is an N s -dimensional vector. Introducing Eq. 4 into Eq. 1, we have
where
is an N s ϫ N s matrix, known as the substructure mass matrix. Correspondingly, introducing Eq. 4 into Eq. 2 gives
is an N s ϫ N s matrix, known as the substructure stiffness matrix. In practice, if one uses normal modes, both M s and K s are always diagonal.
In the structure containing m substructures, s ϭ 1, 2, . . . , m, which are assumed to act independently of one another, the combined kinetic energy of the assembled structure is
is the N-dimensional disjoint configuration vector, and
with N ϭ ⌺ sϭ1 m N s . Similarly, the combined potential energy function is
[
12]
Here K d is also an N ϫ N block-diagonal matrix
where d is a constant amplitude vector and f(t) is a time-dependent harmonic function, we have the disjoint Rayleigh quotient
However, in the assembled structure, the substructures are subject to forces exerted by neighboring substructures at boundaries. Thus, the displacements of points at the boundary must satisfy certain geometric compatibility conditions to preserve structural integrity. For example, considering two adjacent substructures r and s, one must have The two helices are marked by different colors. To illustrate the overall shape, the atomic coordinates were blurred to 8-Å resolution to show the surface.
at every point of the boundary between the two substructures to connect the disjoint substructures. Suppose there are N c such constraints to connect substructures r and s; then the system has only n ϭ N Ϫ N c degrees of freedom. Letting be the n-dimensional vector of independent generalized coordinates, the relation between the disjoint vector d and the vector is
where C is an N ϫ n rectangular matrix, called constraint matrix.
Inserting Eq. 17 into Eq. 15 gives the Rayleigh quotient
are the n ϫ n stiffness and mass matrices for the assembled structure, respectively. Note they are not diagonal even for normal modes.
From the Rayleigh-Ritz principle (18) , rendering R stationary leads to an eigenvalue problem
where U is an n ϫ n modal matrix, and ⌳ is the diagonal matrix of the eigenvalues for the assembled structure. By using the transformation UЈ ϭ ⌽ d CU, where ⌽ d is defined in a similar way to Eq. 10 for d , one obtains matrix UЈ, whose column vectors give the atomic displacements in the corresponding modes of the assembled structure. These atomic displacements can be directly compared with the eigenvectors obtained from direct NMA of the assembled structure.
Results

A Simple One-Dimensional (1D) Example of SSM.
We first present a simple but rigorous example to illustrate how SSM operates. Let us start with combining two 1D linear triatomic molecules (Fig. 2a ). Each molecule is described as three point-masses connected by two harmonic springs. For simplicity, we assume that all the masses and spring constants equal to 1. From standard NMA (3), each triatomic system has three normal modes that we choose to be the substructure modes. They have the eigenvalues { s i } ϭ {0, 1, 3} and corresponding eigenvectors { s i } as
here, s is the index for substructure. For clarity, the eigenvectors are not normalized. The first zero mode is the translational mode, the second is the symmetric stretching mode, and the last is the asymmetric stretching mode. The eigenvectors { s i } will serve as the vector admissible functions in Eq. 3. The generalized coordinates, the disjoint configuration vector in Eq. 10, are
The geometric constraint in this simple case is such that the displacements of points 3 and 1Ј must be equal; i.e., these two points become equivalent as we fuse the two substructures. From Eq. 3, we have
Requiring U 1 (3) ϭ U 2 (1Ј), we reach an underdetermined homogeneous equation,
[24]
There are only five independent variables in the above equation due to the constraint. So, we can rewrite the equation in a matrix form, or in a compact form, d ϭ C (Eq. 17). The matrix C is the constraint matrix, and the new set of generalized coordinates are those for the assembled structure. Note that it has a dimension reduction of the number of constraints. Now construct the molecular stiffness and mass matrices. First, the molecular stiffness matrix for the two disjoint substructures together (Eq. 13), K d , is a block-diagonal matrix with each blockdiagonal element as {0, 1, 3}. The mass matrix is a unitary matrix. Then the stiffness matrix for the assembled system is
and the mass matrix for the assembled system is
[27]
Note the mass matrix is no longer diagonal. Now, solving the generalized eigenvalue problem (Eq. 20), we obtain five eigenvalues as {0.00, 0.38, 1.00, 2.62, 3.00}, whereas the exact analytical solution for a five mass-point system is {0.00, 0.38, 1.38, 2.62, 3.62}. It is clear that the synthesized eigenvalues are correct except for the errors in the third and fifth modes. The eigenvectors also present the same characteristics (not shown). The modes with errors are those involving significant motions of the boundary points 3 (1Ј). The above example vividly illustrates the usefulness of SSM and its intrinsic sources of errors. The errors come from the fact that, to enforce the geometric boundary condition, we sacrificed one point; i.e., the final system contains only five points instead of six. The errors in the synthesized modes are large, because the sacrificed point equals to one-third of the substructure. Although this error is inevitable with this synthesis procedure, it can be asymptotically reduced when the weight of the sacrificed points becomes smaller relative to the substructure. To demonstrate that, we synthesized the modes from two substructures each with 100 mass points. Fig.  2 b and c compare the eigenvalues for the synthesized system with eigenvalues from the exact solution. Evidently, the errors become negligible as the relative weight of the sacrificed boundary point significantly decreases.
Another important issue of SSM is the accuracy of the modes synthesized from a small set of low-frequency substructure modes. The results of using 10 substructure modes (a total of 19 synthesized modes) are also shown in Fig. 2 b and c. It is clear that, although errors do occur, the lowest-frequency modes are robust (the modes before the 12th mode in Fig. 2c ). Later, we will further discuss the convergence of lowest-frequency modes as a function of the number of substructure modes and the number of boundary points.
An Example of Three-Dimensional Elastic Lattice. To demonstrate SSM in a three-dimensional case, we constructed a model elastic lattice (as the substructure) formed by point-masses whose cross section has a 4 ϫ 4 square and whose axial direction has 20 layers (Fig. 3a) . The distance between two adjacent points is 3.5 Å, similar to the typical C ␣ -C ␣ distance in proteins. The normal modes were first computed for the substructure lattice by elastic NMA (6). A 13-Å cutoff distance for a simplified harmonic potential function was used, and the force constant was set to 1.0. Then two of these lattices were fused in the axial direction to form an assembled 39-layer longer lattice by sacrificing one of the end-layers at the interface. The modes for the assembled lattice were synthesized by using 200 lowest-frequency substructure modes. Our main purpose in this example is to test the accuracy of eigenvectors in the synthesized modes.
The motional patterns for the first bending and twisting modes are shown in Fig. 3 b and c, respectively , in which the results from SSM are compared with a direct calculation on a 39-layer lattice. There is no visually distinguishable difference between them for both modes. More quantitatively, we show the convergence of the first bending mode in Fig. 3d , in which the positions of the centers of mass of the parallel layers from SSM, exact calculation, and a theoretical curve for a homogeneous elastic bar are shown. The theoretical curve has the form of
where L is the length of the bar; A n is the amplitude of the nth mode; and ␤ n L has a value of 4.730 when n ϭ 2, which is the first bending mode we displayed (31) . The excellent agreement of the curvatures of all three curves indicates that the eigenvectors of the synthesized low-frequency modes are robust.
Synthesis of an F-Actin Segment Composed of Two 13-Subunit Re-
peats. To show the applicability of SSM to real molecular complexes, we performed a modal synthesis of an F-actin segment that contains two 13-subunit repeats. To do so, the vibrational modes for a 13-subunit repeat, using the Holmes model (22-24), were first calculated, which served as the foundation for the substructure modes in SSM. Because the size of the system prevents us from doing an all-atom calculation, we use the C ␣ -based elastic network model (6) to determine the modes, with a 13-Å cutoff distance and 1.0 force constant. A major issue when two segments are fused together is the treatment of geometric boundary conditions. As demonstrated in the previous examples, one would have to sacrifice half of the boundary points during synthesis (Fig. 2a, points 3 and 1Ј ). To ensure a correct structure across the interface after synthesis, our substructure of F-actin is chosen to be an entire 13-subunit repeat plus a thin layer of points (C ␣ atoms) equivalent to those located at the boundary of the adjacent unit as boundary points. Then the geometric boundary conditions were imposed in such a way that the displacements of these selected boundary points were set equal; i.e., one of the equivalent layers was sacrificed. Because the weights of these boundary points are negligibly small relative to the total points in the substructure, we expect a small error during modal synthesis (Fig. 2) . The boundary points are selected solely on the basis of their distances to the adjacent substructure, the advantage of which is that one can deal with boundaries of almost any shape.
We used a 5-Å distance search criterion and found a total of 15 boundary points (C ␣ atoms; Fig. 4) . Therefore, the substructure contains a total of 4,890 points (13 ϫ 375 ϩ 15). A test run shows that the modes of this substructure are nearly identical to those obtained for a pure 13-subunit repeat (data not shown). The 15 boundary points constitute 3 ϫ 15 ϭ 45 constraints. If we use, for example, 100 low-frequency modes from each substructure, we will obtain 155 modes for the assembled structure (subtracting the number of constraints, 45, from the total number of disjoint substructure modes, 200). Fig. 5a first schematically shows the typical deformational modes, or waves, for a homogeneous elastic rod, the bending (transverse), twisting (torsional), and stretching (longitudinal) modes. Fig. 5 b-d show the representative lowestfrequency modes for bending, twisting, and stretching motions in the assembled structure. Fig. 5e shows the comparison of the theoretical solution of a homogeneous elastic bar (Eq. 28) with the synthesized bending mode in Fig. 5b , and the agreement is excellent. Therefore, SSM successfully produced the desired modes for the F-actin filament of two 13-subunit repeats in length.
Another important issue of SSM is the relationship of the convergence of the modes with the number of substructure modes used in synthesis and with the number of boundary points selected. Fig. 6a shows that, for a 5-Å distance search of the boundary points (totally 15 points), the eigenvalues of the lowest-frequency modes are reasonably converged when the number of substructure modes is larger than Ϸ90. The higher the frequency of the mode, the slower the convergence. Therefore, a relatively large set of substructure modes is needed if one wishes to obtain a sizable number of converged modes for the assembled structure. The eigenvectors have similar convergence behavior. Fig. 6b shows the results for a 7-Å distance search that resulted in 36 boundary points. It seems the number of substructure modes needed to obtain converged modes for the assembled structure increases somewhat linearly with that of boundary points. We expect this general trend to hold up for other systems.
It is noted that the absolute magnitudes of converged eigenvalues are larger for a 5-Å than a 7-Å search. For example, the converged eigenvalues for the lowest-frequency mode (the seventh mode) are 5.6 ϫ 10 Ϫ5 for the 5-Å case and 5.3 ϫ 10
Ϫ5
for the 7-Å case, in agreement with the previous observation that increasing the number of substructure modes has the effect of decreasing the eigenvalues, whereas increasing the number of boundary points has the effect of increasing the eigenvalues (32) . Finally, caution must be exercised in selecting the boundary points to have an appropriate representation of the assembled structure. When using the C ␣ -based NMA, it is reasonable to define the boundary points by a distance search of 5-7 Å, because this is the approximate range of the first coordination shell in protein structures (11, 33) .
Conclusion
This paper reports the SSM, which performs harmonic modal analysis of very large biomolecular complexes. This method determines the vibrational modes of large complexes by a computational modal synthesizing procedure based on those of smaller substructures, on which atomistic, or near atomic, calculations are possible. The substructure modes can be determined to any desired accuracy depending on the atomistic potential functions used. With SSM, the motional information obtained from atomistic calculations can then be scaled up to a much larger size scale. It is demonstrated in this study that the low-frequency modes can be robustly generated for large complex structures. Therefore, SSM provides a computationally desirable way to model extremely large systems, which would be otherwise completely beyond the reach of any conventional methods.
The geometric boundary condition we used in Eq. 16 involves only the equality of displacements at selected boundary points. In principle, higher-order constraining conditions such as equality of rotation should also be included (34) . However, there is no obvious way to define these conditions for molecular systems. Without higher-order constraints, the eigenvalues may converge to a slightly different value. However, the eigenvectors are close enough to the exact solution (e.g., see Figs. 3 and 5), which is often far more important than the absolute values of the eigenvalues in studying functionally important motions of biological macromolecules.
A limitation of harmonic modal analyses is that they ignore anharmonic features in molecular motions, which could be important in certain situations. For example, in the case of actin, each G-actin monomer is an ATPase, and certain important conformational changes within the monomer induced by the binding/ hydrolysis of ATP are less likely to be completely harmonic (35) . However, in a given ligation state, the global deformational motions of F-actin filament, which are the roots of measured macroscopic elasticity, can be very adequately studied by harmonic methods, because F-actin is a long elastic filament.
There is a rich class of extremely large systems in cells whose elastic properties are important for their biological functions. In addition to actin, other examples include tubulin, collagen, and DNA. SSM is particularly advantageous in modeling large systems whose structures can be regarded as periodic repeats of smaller units. 
